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1. INTRODUCTION 



Nowadays, there are two main candidates for a quantum theory of the gravitational 
field: string theory (M-theory) and loop quantum gravity. From the description of the low 
energy excitations of open strings, in the presence of a NS constant background S— field, 
a noncommutative effective low energy gauge action appears in a natural way. It is 

known, from M(atrix)-theory that, at low energies, the coordinates of a gas of DO branes 
are described by matrices, which give origin to virtual effects 0, 1^. Such effects give rise 
to supergravitational interaction in eleven dimensions. Thus, gravity seems to arise from 
noncommut at i vity. 

Along these lines, noncommutative gauge theory, as a continuous deformation of the usual 
theory, has attracted a lot of attention. Although gravitation does not arise in the low energy 
limit of open string theory as a gauge theory, some interesting effects of gravity processes 
(like the graviton-graviton-D-brane scattering, in the presence of a constant i?-field) can be 
computed j^. However, a deeper study of the deformations of pure gravitational theories is 
still needed. Thus, the study of models of noncommutative gravity, independently of how 
they could arise from string or M-theory, could be important. Such models could be obtained 
starting from those formulations of gravitation which are based on a gaugeprinciple. One 
of these formulations is the one of self-dual gravity (for a review, see la Lll), from which 

n nn 

the hamiltonian Ashtekar's formulation j8[ can be obtained j9|, |10|. The properties of this 
formulation have allowed the search for quantum gravity in the framework of loop quantum 
gravity and quantum geometry (for a review, see [7|). In this context, it would be interesting 
to explore noncommutative loop quantum gravity. 

On the other hand, there are proposals for a noncommutative formulation of gravitation 
motivated by the understanding of the short distance behavior of th e g ravitational 
field Proposals based on the recent developments are given in 

HI 

particular, in Q, ^ a Seiberg-Witten map for the tetrad and the Lorentz connection is 
given, where these fields are taken as components of a SO (4,1) connection in the first work, 
and of a U(2,2) connection in the others. In these works a MacDowell-Mansouri (MM) 
type action is considered, invariant under the subgroup U(l,l) xU(l,l), and an excess of 
degrees of freedom, additional to the ones of the commutative theory, is handled by means 
of constraints. For other recent proposals of noncommutative gravity, see Q]. 
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On the other hand, in it has been shown that noncommutative gauge theories, based 
on the Seiberg-Witten map, for any commutative theory invariant under a gauge group 
G, can be constructed. The resulting noncommutative theory can be seen as an effective 
theory, invariant under the noncommutative enveloping algebra transformations, and also 
under the commutative transformations of G. This results from the fact that the Seiberg- 
Witten map may be seen as a sort of gauge fixing, in which the degrees of freedom added 
by noncommutativity to the fields and to the transformation parameters, are substituted by 
expressions depending on the commutative fields, in such a way that in the commutative 
limit the original theory is obtained. In this way, a minimal version of the noncommutative 
standard model with the gauge group SU(3)xSU(2)xU(l) has been proposed [2^ . 

Following these ideas, starting from a SL(2,C), self-dual connection, in 21[ we have given 
a formulation for quadratic noncommutative topological gravitation, which contains the 
S0(3,l) signature and Euler topological invariants. In fact, the noncommutative signature 
can be straightforwardly obtained, but the Euler invariant cannot, as it involves the same 
difficulty as the MM action, which contains a contraction with the Levi-Civita tensor, instead 
of the S0(3,l) trace. However, both invariants can be combined into an expression given by 
the signature with a S0(3,l) self-dual connection, which amounts to the SL(2,C) signature. 

In this paper, taking the same SL(2,C) connection as in 
formulation 22], we make a proposal for a noncommutative theory of gravity, which is fully 
invariant under the noncommutative gauge transformations j^]. The Plebahski formulation 
is written as a SL(2,C) topological BP formulation, given by the trace of the two-form B, 
times the field strength j^]- The contact with Einstein gravitation is done trough constraints 
on the B-field, which are solved by the square of the tetrad one-form [2^. This theory can 
be restated in terms of self-dual S0(3,l) fields, the connection and the antisymmetric tensor 
B. After the identification of the B two- form with the tetrad one- form squared, a variation of 
this action with respect to the connection gives the vanishing of the torsion. The resulting 
action contains Einstein gravitation plus an imaginary term, which vanishes due to the 
Bianchi identities. The noncommutative version is obtained at the level of the SL(2,C) 
theory, by the application of the Moyal product and the Seiberg-Witten map. In this way, 
a highly nonlinear theory is obtained, which depends on the commutative SL(2,C) fields. 
These fields are then written in terms of the S0(3,l) self-dual connection and B-field, and 
the connection is written in terms of the tetrads. The consistency of the last step is ensured 
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by the fact that the variation of the action with respect to the noncommutative SL(2,C) 
connection, gives an equation which is exactly solved by the vanishing of the commutative 
torsion. 

The paper is organized as follows. In section 2 we briefly overview the Seiberg-Witten 
map and enveloping algebra. In section 3 we state the commutative self-dual gravity theory 
from which the noncommutative one is obtained. In section 4 the noncommutative theory 
is formulated and corrections are computed. Finally, section 5 contains our conclusions. 



2. NONCOMMUTATIVE GAUGE SYMMETRY AND THE SEIBERG-WITTEN 
MAP 

In this section, a few conventions and properties of noncommutative spaces will be given 
for future reference. For recent reviews see e.g. [25^ . 

Noncommutative spaces can be understood as generalizations of the usual quantum me- 
chanical commutation relations, by the introduction of noncommutative coordinates x'^ sat- 
isfying, 

[x'^,^'^] = z^M'-, (1) 

where x^ are linear operators acting on the Hilbert space L^(R"), and 9^'^ = —9^^^ are real 
numbers. Given this linear operator algebra A, the Weyl-Wigner-Moyal correspondence 
establishes an isomorphic relation between it and the algebra of functions on R", with 
an associative and noncommutative star-product, the Moyal product. Thus, the Moyal 
algebra Ai, = is, under certain conditions, equivalent to the Heisenberg algebra (P). The 
Moyal product is given by 



f{x)-kg{x) 



(2) 

e=r?=0 



Under complex conjugation it satisfies (/ -k g) ='g -k f. 

As far as we will be working with a nonabelian group, we must include also matrix 
multiplication, so an ^-product will be used as the external product of matrix multiplication 
with :*r-product. In this case hermitian conjugation is given by (/ * g)'^ = ^ jt_ Inside 
integrals this product has the cyclicity property Tr j fi* f2* fz* ■ ■ ■ * fn = Tr j fn * fi * 
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/2 * /s * ■ ■ ■ * fn-1- In particular Tr J fi * f2 = Tr J /1/2. From now on we will understand 
that the multiplication of noncommutative quantities is given by this *— product. 

Thus, to any expression containing space-time functions, a noncommutative expression 
can be associated by substitution of the usual product by this *— product. However, this 
procedure has the well known ambiguity of the ordering of the resulting expression, which 
could be fixed by physical considerations. In particular, in the case of gauge theories, we 
wish to have a noncommutative theory, invariant under a suitable generalization of the gauge 
transformations. This generalization frequently is used to fix, to some extent, the ordering 
ambiguities. 

Let us consider a theory, invariant under the action of the Lie group G, with gauge fields 
Afj^, and matter fields $ which transform under the adjoint representation ad. 



<5a$ = z[A,$], 



(3) 



where A = A*Tj, and Ti {i = 1, . . . , dimG) are the generators of the Lie algebra Q of G, in 
the adjoint representation. These transformations are generalized for the noncommutative 
connection Q], and for the adjoint representation as. 



X*A 



1 ^'-tJ. 



A * $ 



(4) 
(5) 



The commutators [A * 5] = A*B — B*A, have the correct derivative properties when 
acting on products of noncommutative fields. Due to noncommutativity, commutators like 
X* Af^ take values in the enveloping algebra h({G, ad) of the adjoint representation of Q. 
Therefore, A and the gauge fields A^ will also take values in this algebra. In general, for 
some representation R, we will denote it by U{Q, R) the section of the enveloping algebra 
U of Q, which corresponds to the representation R. 

Let us write for instance A = X^Tj and A = A^Tj, then. 



[Ti,Tj 



1 

2 L 



A^ * A' 



(6) 



Thus all the products of the generators Tj will be needed in order to close the algebra 
U{Q,ad). Its structure can be obtained by successively computing the commutators and 
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anticommutators starting from the generators of Q, until it closes, 

[Ti, Tj] = ifi/TK, {T,, Tj} = cIij^'Tk. 

The field strength is [2] F^^, = d^A^ — d^A^ — i[A^ * A,j], hence it also takes values in 
U{Q, ad). From (0) it turns out that, 



SxF^. = t[X*F^,~ F^, * Aj . (7) 

We see that these noncommutative transformation rules can be obtained from the commu- 
tative ones, just by replacing the ordinary product of functions by the Moyal product, with 
a suitable product ordering. This allows to construct in a simple way invariant quantities. 

If we wish to have a continuous commutative limit, the noncommutative fields $ must be 
power series expansions of the noncommutativity parameter 9, starting from the commuta- 
tive ones, 

$ = $ + ^/^'^•I.W + ^M^^P-$(2)^^ + . . . . (8) 

Thus, in such an expansion, the noncommutative fields will have in general an infinity 
of independent components. Moreover, the noncommutative gauge fields will take values in 
the enveloping algebra and, unless the enveloping algebra coincides with the Lie algebra of 
the commutative theory, as is the case of G = U{N), they will have also a bigger number 
of matrix components. As this is also the case for the transformation parameters, it will be 
possible to eliminate a lot of degrees of freedom by fixing the gauge. 

However, the Seiberg-Witten map establishes a one to one correspondence among the 
physical degrees of freedom of the noncommutative fields and the physical degrees of freedom 
of the commutative fields. This fact is used in reference j3| to construct noncommutative 
gauge theories, in principle for any Lie group G. 

The main point is that the Seiberg-Witten map allows for field dependent transforma- 
tions. This means that if we combine two transformations, the gauge parameters will be 
transformed as well. Thus, if for an infinitesimal transformation matrix we have the corre- 
spondence A — > A, to the commutator of two transformations will not correspond simply the 
Moyal commutator, but jlflj ]. 

[X^] = [X*r]\+i(^5xr]-S,Xy (9) 
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If we suppose that there is an expansion hke (jH)) for these matrices, 



A = A + r'^AW + e^'^QP'-X^X + 



(10) 



then a solution for the coefficients can be obtained 



A (A, A) = A + -e^" {d^\ A,} + o [e^) 



(11) 



Further, the Seiberg-Witten map determines the terms in (jSJ, from the fact that 
the noncommutative transformations are given by (0) and consequently, (|7j). These 
functions in (jH)) can be expressed in terms of jthe commutative fields and their derivatives. 
For the gauge fields, one solution is given by 



A, {A) = A^- dpA^ + + O {e^) 



(12) 



from which, for the field strength it turns out that. 



For fields in the adjoint representation we have got the solution, 

8 ($, A) = $ - {Ap, {D, + 9,)$} + O (5^) . 



(13) 



(14) 



It is well known that these solutions are not unique, other terms depending on continuous 
parameters can be added to them. In this freedom has been related to renormalizab ilitv 
properties. However, it can be also used in order to simplify the structure of the theory j20| . 
In particular, it allows to give the simple forms of ()13|) and (fT^ . which have the interesting 
property that if the commutative fields vanish, also the ffist order corrections will vanish. 
In this case, there is a solution for which all higher order terms of the expansion (jH)) vanish 
as well. 

These higher order terms can be obtained from the the Seiberg-Witten maps for which 
^ -\{6) and gjn7$(6') are solutions, i.e. from the solutions of the equations which result 



(96^ 



from the corresponding gauge transformations, given by the ^—derivatives of ()10|) and 





' d ^ ^ 








+ 







(15) 



and 



d 



d 



A * $ 



+ 



A 



d 



+ 



(16) 



where the 6'^'^ factor is included in order to take into account of the antisymmetry in /i and 
z/. A solution to this equation can be obtained from the first order solution . Indeed, 
from this first order term, by substitution of the commutative fields by the noncommutative 
ones, with multiplication given by the ^-product, full Seiberg-Witten mapped fields A^i^ and 
can be constructed. Hence, from (fTT|) and (HH), we have, 

1 



0'^^A(y 



6i^^<|){i) 
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(17) 
(18) 



Now, after some algebra, taking into account the noncommutative gauge transformations 
0, © and ©, we get. 



AW 



* $ 



+ 



At$(i) 



+ 



[A,r/](i) 

z 



<9„A * d^rj 



(19) 



These equations give solutions for (fT^ and (fT^. if the following identifications are made P| 

d 



d 



-X = A(i) 



$ = $(1: 



(20) 
(21) 



which at = are identically satisfied. In fact, (j?T|) is more general, it is valid also for the 
connection P|, and as well for any field transforming under a linear representation. From 
it, together with (j20|) . by successive derivations with respect to 6*, a solution for all higher 
terms of the Seiberg-Witten map can be computed. 

Now, we see that if the first order term vanishes, by construction also will vanish, 
and consequently in this case $ = is a consistent solution for the Seiberg-Witten map. 

The fact that the components of the noncommutativity parameter 6 are constant, has 
the important consequence that Lorentz covariance and general covariance under diffeomor- 
phisms of the underlying manifold, are spoiled. The answer that is usually given to this 
question is that, at the scale where noncommutativity is relevant, it is possible that nature 
has not the same symmetries like in the commutative limit. 
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3. DESCRIPTION OF SELF-DUAL GRAVITY 

One of the main features of the tetrad formahsm of the theory of gravitation is that 
it introduces local Lorentz SO (3,1) transformations. In this case, the generalized Hilbert- 
Palatini formulation is written as J e^e^^ R^^^{uo)d^x, where ej^ is the inverse tetrad, and 
R^^^[uj) is the so(3,l) valued field strength. The decomposition of the Lorentz group as 
SO(3,l)=SL(2,C)cg)SL(2,C), and the geometrical structure of four dimensional space-time, 
makes it possible to formulate gravitation as a complex theory, as in These for- 

mulations take advantage of the properties of the fundamental or spinorial representation 
of SL(2,C), which allows a simple separation of the action on the fields of both factors of 
SO (3,1), as shown in great detail in 



22| . All the Lorentz Lie algebra valued quantities, in 
particular the connection and the field strength, decompose into the self-dual and anti-self- 
dual parts, in the same way as the Lie algebra so(3,l)=s£(2,C)©s£(2,C). However, Lorentz 
vectors, like the tetrad, transform under mixed transformations of both factors and so this 
formulation cannot be written as a chiral SL(2,C) theory. Various proposals in this direction 
have been made (for a review, see ^). In a early formulation, this problem has been solved 
by Plebahski 22], where by means of a constrained Lie algebra valued two- form E, the theory 
can be formulated as a chiral SL(2,C) invariant BF-theory, Tr j J]AR{uj). In this formulation 
S has two SL(2,C) spinorial indices, and it is symmetric on them T,^^ = T,^^, as any such 
s£(2,C) value d q uantity. The constraints are given by T,^^ AT,'-"'^ = ^d^y^S^^T,^^ AT,ef and, 
as shown in [2^, their solution implies the existence of a tetrad one-form, which squared 
gives the two-form E. In the language of S0(3,l), this two-form is a second rank antisym- 
metric self-dual two-form, = H+^^^^S^'^, where n+"^^^ = i (S^^ + ie^^a) ■ In this case, the 
constraints can be recast into the equivalent form S"*""^ A S+'^'^ = n+'^^'^^.j^+'^f /\ with 



solution T."'' = 26" A e 



b 



For the purpose of the noncommutative formulation, we will consider self-dual gravity in 
a somewhat different way as in the papers 0, . In this section we will fix our notations 
and conventions. 

Let us take the self-dual SO (3,1) BF action, defined on a (3 -|- l)-dimensional pseudo- 
riemannian manifold {X,g^i,), 

I = tTi f S+ A i?+ = z / e^''P'^^^^:'R%Md'x, (22) 
Jx Jx 
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where R^^^i, = H'^^'^ Rpacd, is the self-dual S0(3,l) field strength tensor. This action can be 
rewritten as 

^ = 11^ ^"''^ ['^.u'Rp'^ab + le^bc^^fR^:'^ d'x. (23) 
If now we take the solution of the constraints on S, which we now write as 

^/xi/ ~ ~ 1 (24) 

then 

1=1 {deteR + ie'"'P''R^^p^)d'^x. (25) 
Jx 

The real and imaginary parts of this action must be variated independently because the 
fields are real. The first part represents Einstein action in the Palatini formalism, from 
which, after variation of the Lorentz connection, a vanishing torsion T^J^ = turns out. As 
a consequence, the second term vanishes due to Bianchi identities. 
The action can be written as 

1 = 1 [ e^'''''J:;,^'Rp^ab{uj+)d'x, (26) 
Jx 

where R^^^{uj^) = d^uj^"-^ — dyUJ^"-^ + uj^°''^uj^l! — uj^°''^uj^^. From the decomposition 
SO(3,l)=SL(2,C)xSL(2,C), it turns out that uj^ = is a SL(2,C) connection. Further, 
if we take into account self-duality, s^J^^uj'^'"'' = 2zu;+"^, we get u;^*-' = —ie'\uj^. Therefore, 

Rj\^^) = - Qv^V + 2^£}fca;>,^, = R^:{u) (27) 

where R^^,^ is the SL(2,C) field strength. 

Similarly, we define S^J = S^J"*, which transforms in the SL(2,C) adjoint representation. 
From it we get, S+J-' = —ie'\Y,^^. Thus, the action can be written as a SL(2,C) 
i?F-action 



Jx Jx 



Therefore, if we choose the algebra s£(2, C) to satisfy [Tj, TJ_= 2ieij'Ti: and Tr{TiTj) = 2^^, 



we have that ()22|) can be rewritten as the self-dual action 22j |. 

/ = -2iTr [ear, (29) 
Jx 
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which is SL(2,C) invariant. 

If the variation of this action with respect to the SL(2,C) connection u is set to zero, we 
get the equations 

= e/^-P-D.S^; = e'^^P'^ (a,S^; + 2z£^^.,a;,^S^,'=) = 0. (30) 

Taking into account separately both real and imaginary parts, we get, in terms of the S0(3,l) 
connection, 

,,^P^D^Y.^:' = e^-'P^ {d,J:^f + coJ^^Ej - uJ"^J:^J) = 0, (31) 
which after the identification ()24|1 . can be written as 

e^'^P'^{d^e;eJ' - d^ej'ef + u^e^^e^ - coj'^.ef) = s^-^^'^iT^^eJ' - T^^ef) = 0. (32) 
From which the vanishing torsion condition once more turns out. 

4. THE NONCOMMUTATIVE ACTION 

We start from the SL(2,C) invariant action (j29|) . From it, the noncommutative action 
can be obtained straightforwardly as 



/ = -iTr / S A i2. (33) 
Jx 

This action is invariant under the noncommutative SL(2,C) transformations 

S^u^ = d^X + i[X*u)f,], (34) 
Sif:^j,,y = i[X* T.f,u]- (35) 

Actually, in order to obtain the noncommutative generalization of the Einstein equation, 
we could consider the real part of 



is = --Tr 
2 



X 



SA/?-(SA/2)^ , (36) 



which is also invariant under (j34j) and (j35p . 

In order to obtain the corresponding to the torsion condition, a u variation of (j33p must 
be done. Although we are considering the commutative fields as the fundamental ones, the 
action is written in terms of the noncommutative ones. Furthermore, the relation between 
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the commutative and the noncommutative physical degrees of freedom is one to one jj] . So 
the equivalent to the variation of the action with respect to uo will be the variation with 
respect to a). Thus we write, 

fe/ = 8iTr e'""''' (dpt^, S^,]) * 8u, = 0, (37) 

from which we obtain the noncommutative version of (j3H) 

^ = e^''f"'D^tp„ = 0. (38) 

These equations are covariant under the noncommutative transformations (jMj) and (jH^jl . 
which means that their Seiberg-Witten expansion should be similar to the one of a matter 
field in the adjoint representation ()14|) . In this case we have that, if the commutative field 
vanishes, also the first order term of the noncommutative one will vanish. If this happens, 
as shown at the end of section 2, all the higher orders would vanish as well. Thus, we 
could expect that a solution to Eq. would be given by the solution of the commutative 
equation = 0, and this is indeed the case. If we compute the first order of the Seiberg- 
Witten expansion of the covariant derivative of S, we get, 

= Dp^.p - i^f^ {uj^, {Dr + dr)D^J:,p} + 2 {R^^, Dr^.p} {e^) , (39) 

from which it turns out that, 

^'^ = ^'^ - -^e""" ( {^., {Dp + dp)^!^} - 2 {R,p, ^'^j + 25>: {Rrp, ^^}^+0 {e^) . (40) 

Hence the solutions of the commutative equations \E'^ = 0, will be as well solutions of 
= 0. Furthermore, = are equivalent to set the torsion equal to zero, that is, after 
the substitution S^,^"'' = e^^e^'' — e^'^e^^, their solution is given by, 

= ^e-e'"' [ep^id^e; - dpe^) - e^dpc; - a.e/) - e,,(9,e,^ - d^e^)] . (41) 

Therefore we can compute the corrections of the noncommutative action (jHBj) as follows. 
First we write the Seiberg-Witten expansion of the SL(2,C) fields S and u). Furthermore the 
commutative SL(2,C) fields are written by means of the self-dual S0(3,l) fields, = a;+°' 
and S^J = S+J'*. Then, decompose these self-dual fields into the real ones lo^'' and S^J^'', 
and then substitute E^^,"'' = ep°'ej' — Cy'^ep and write the connection as in pTj). In this case 
we will have a noncommutative action, which will depend only on the tetrad. 
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If we consider the real part, the first order correction vanishes, and, after a lengthy 
calculation, the second order one turns out to be, already written in terms of commutative 
S0(3,l) fields, 

nlmnrs r f 

= dx' det(e) |<9, [a^ {cofKbcd) oof] + [ufdMAbcd) 

+ 16i?^ [R^ar^lsbc — ^r'^dsRalbc) — -dm (l^r^ {dg^lab + Rslab)) R — -^dm^i^ {R^Rbsef — iofOgRc 



2drUJ^dsRffUJlcd - -SabcdS"^^^ ^lefdra {RgrRhl " ^f^sRfh) + ^"^^ {^lefdr^m) ^fh 



2 

+ dmUJlef {RgrRhi " ^r'^dgRgh) " ^'^s {dm {^f Rgh) ^ref) 

where the connection oj^^ is given by ()4H1 . This correction terms could allow the explicit 
computation of deformed known gravitational metrics. 

5. CONCLUSIONS 

In this work we propose an ansatz to get a noncommutative formulation of standard 
four- dimensional Einstein gravitation. We start from a self-dual S0(3,l) BF-action, which 
is equivalent to Einstein gravitation after the substitution of the B-field in terms of the tetrad. 
This action is reformulated as the chiral SL(2,C) invariant self-dual action (jSHI), from which 
the noncommutative action (jH^ is straightforwardly obtained. This chiral action allows us 
to find an alternative noncommutative gravity action in four dimensions, that generalizes 



the usual genera! 
in the literature 



relativity. As mentioned, there are other proposals already introduced 
In our proposed action the noncommutative spin connection 



relativity. 



variation gives the noncommutative 'torsion condition' ()38j) . which is exactly solved by (jlH). 
This allows to introduce the tetrad at the commutative level in a consistent way (j23)- 
a consequence, the corrections to Einstein gravitation can be, modulo a laborious algebra, 
straightforwardly computed. 



In the process we have used the results from 19, [2^, developed there to construct the 
noncommutative versions of standard model and GUT's. In the present paper, the Seiberg- 
Witten map for matter fields in the adjoint representation of any gauge group has been 
constructed in order to get the Seiberg-Witten map for the S-field. 

The physical consequences of the our noncommutative extension of standard general 
relativity remain to be studied. An interesting possibility seems to be the study of infiation in 
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this model. It is well known, in a very different physical setting, that the trace anomaly that 
leads to higher derivative corrections in the corresponding effective action, could produce 



inffation 



3- 



Finally, the results presented here, can be regarded as a preliminary step for the construc- 
tion of a noncommutative version of Ashtekars hamiltonian formulation through a noncom- 
mutative Legendre transformation. Moreover, the computation of noncommutative grav- 
itational effects can be done, for instance, from the corrections to known metrics. The 
details of these works will be reported elsewhere. Eventually, it would be interesting to 
search for a quantization of the results obtained in the present paper and proceed to find 
the corresponding loop quantum gravity. 
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